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Abstract
On a closed oriented manifold M , a codimension one foliation F which is limit of a sequence of
isotopic compact foliations (ξn)n∈N it is either a compact foliation isotopic to ξ0 or a non-compact
foliation almost without holonomy. In the last case, the limit foliation F must have compact leaves
and all leaves are proper. We describe a method to construct all these foliations when the manifold
has dimension 3.
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1. Introduction
In [8] Sacksteder proved that codimension one C2 foliations without holonomy on a
closed manifold are topologically conjugate to foliations defined by closed 1-forms without
singularities. It is proved by Tischler in [10] that a closed manifold supporting a closed
1-form without singularities fibers over S1. Moreover, such a 1-form can be approximated
by a closed 1-form supporting a foliation defined by a submersion to S1. This shows that
Sacksteder’s foliations are topologically conjugate to foliations close to fibrations.
We will assume throughout this paper that M is a n-dimensional closed connected ori-
ented manifold which admits fibrations over S1. The transversely orientable codimension
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one foliations on M with all leaves compact are exactly those foliations defined by fibra-
tions over S1 with connected fiber. We shall refer to these foliations as compact foliations.
In this paper we are concerned to the qualitative description of the codimension one
foliations on M which are limit of isotopic compact foliations. Precisely, let Folr+(M) be
the set of all transversely orientable codimension one foliations of class Cr on M endowed
with the Epstein Cr -topology [2] where 1 r ∞. We say that two compact foliations ξ
and ξ ′ are Cr isotopic if there exists a diffeomorphism h :M→M which is Cr isotopic to
the identity and such that h∗(ξ)= ξ ′.
Given a compact foliation ξ we will study the foliations in the closure Isor (ξ) of Isor (ξ),
where Isor (ξ) denotes the subset of Folr+(M) consisting of all compact foliations which
are Cr isotopic to ξ . Our next two theorems concern about the topological structure of the
foliation F ∈ Isor (ξ), where ξ is a compact foliation.
Theorem A. Let ξ ∈ Folr+(M) be a compact foliation and let F ∈ Isor (ξ). Then F is a
compact foliation if and only if it has a compact leaf which meets a closed curve transverse
to F .
Furthermore, if F is a compact foliation then every foliation in Isor (ξ) sufficiently Cr
close to F can be obtained by a small Cr isotopy of F .
Theorem B. Let ξ ∈ Folr+(M) be a compact foliation. Then every non-compact foliation
in Isor (ξ) has the following properties:
(i) it has a compact leaf,
(ii) all the leaves are proper,
(iii) it is a foliation almost without holonomy,
(iv) the support of each compact leaf class is distinct from M ,
(v) the support of each compact leaf class has infinite cyclic holonomy group.
The definition and some properties of the compact leaf classes will be given in Section 3.
A particular case of Theorem B was proved by Firmo and Sarmiento [3] where the
leaf of the compact foliation ξ satisfies H1(leaf,R)= {0}. Theorem B extends this result
because the above condition implies that the limit foliation is a limit of isotopic compact
foliations by Remark 4.2.
In order to classify the limit foliations in dimension 3 we need some homological
properties of its compact leaves.
Theorem C. Let M be a closed oriented manifold with H1(M,R) = R. Suppose that
F ∈ Folr+(M) is a non-compact foliation which is the limit of compact foliations. Then
every compact leaf K of F bounds and satisfies:
(i) χ(K)= 0;
(ii) H1(K,R) = {0},
where χ(K) is the Euler characteristic of K .
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This together with the argument for the holonomies classify, up to isotopy, the
foliations which are limit of isotopic compact foliations on 3-manifolds. This is proved
in Theorems 2.1 and 2.2.
We prove also a Thurston–Reeb Stability type Theorem [9] for the limit of compact
foliations, where the hypothesis H1(K,R) = {0} is replaced by the triviality of the
inclusion i∗ :H1(K,R)→H1(M,R).
Theorem D. Let F ∈ Folr+(M) be a limit of compact foliations. Suppose that K is a
compact leaf of F such that the inclusion map i∗ :H1(K,R)→H1(M,R) is trivial. Then
F is a compact foliation, all the compact foliations sufficiently Cr close to F are isotopic
to F by a small Cr isotopy and H1(M,R)=R.
Conventions. Unless the context clearly indicates the contrary, we shall assume that all
foliations are of codimension one and transversely oriented, and the induced orientation
on the leaves together with the transverse orientation coincides with the orientation on M .
We shall assume also that the transverse and the leaves orientations of a compact foliation
ξ was extended to the foliations in Isor (ξ). Moreover, the orientation of a closed curve γ
transverse to F ∈ Isor (ξ) will be the one induced by the transverse orientation of F .
The authors would like to thank the referee for his comments and questions and to
Michel Boileau for the comment on the hypothesis of Theorem 2.2.
2. Limit foliations
First we construct an example of limit of compact foliations which gives a nice idea of
what may occur in such foliations when the compact foliations are isotopic.
2.1. Example
Let ξ be the foliation defined by a C∞ fibration F →M π→ S1 with compact connected
fiber. Let N ⊂M be a closed connected codimension one Cr submanifold transverse to
the fibers of π . In such case N is an orientable submanifold of the orientable manifold M
and the map π |N :N → S1 is a fibration. These submanifolds always exist. For example,
we may take N the boundary of a normal closed disk-bundle of small radius over a closed
curve transverse to the π -fibers, with respect to any C∞ riemannian metric on M .
In the following we shall modify the Reinhart process [7] to our codimension one
foliations. For the sake of simplicity, we assume that the fibers of π |N are connected.
The normal bundle of N in M is trivial. Hence, let us fix a tubular neighborhood
ν(N)⊂M of N which will be identified with the manifold N × [−1,1] with N identified
as N × {0}. We shall assume also that the fibers of the tubular neighborhood ν(N) are
tangent to the fibers of π .
Denote byN the codimension two foliation on ν(N) obtained by intersecting the factors
N × {point} with the π -fibers.
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Xµ-orbits where µ= 1.
Now consider a section Γ ≈ S1 of π |N . The restriction of the tubular neighborhood
ν(N) to Γ is the cylinder Γ × [−1,1] ⊂N × [−1,1].
In order to construct a convergent family of foliations on M we first introduce a family
of foliations in the cylinder S1 ×[−1,1]. For this consider the vector fields d/dθ and d/dx
on S1 and [−1,1] respectively and let g : [−1,1]→ [0,1] be a C∞ map such that
• g(x)= 0 ⇐⇒ x ∈ [−1,−2/3] ∪ [2/3,1];
• g(0)= 1.
Consider on S1 × [−1,1] the family of vector fields




where (θ, x) ∈ S1 × [−1,1] and µ ∈ [0,1].
For each µ = 1 we have a diffeomorphism Rµ :S1 × {−1}→ S1 × {1} defined by the
condition: z and Rµ(z) are in the same Xµ-orbit. Since Xµ is invariant under rotations in
the S1-direction we conclude that Rµ ∈Diff∞+ (S1) is a rotation which depends C∞ on µ.
Moreover, the rotation angle ρ(Rµ) ∈ [0,∞) is an increasing function of the parameter µ
and ρ(Rµ)→∞ as µ→ 1.
Now we construct the family of foliations {Fµ}µ∈[0,1] as follows:
• Fµ coincides with the foliation defined by π outside of ν(N),
• on ν(N) the foliation Fµ is obtained by saturating the Xµ-orbits under the leaves of
the codimension two foliation N .
Note that each leaf of the foliationN intersects the cylinder Γ ×[−1,1] ⊂ ν(N) in an
unique point. This defines a projection π˜ : ν(N)→ Γ ×[−1,1] along the leaves ofN .
The foliation Fµ is the pull-back by π˜ of the one dimensional foliation on the cylinder
Γ × [−1,1] defined by the vector field Xµ.
The foliation F1 has the submanifold N as a compact leaf with non-trivial holonomy.
In order to conclude that F1 is a limit of compact foliations we consider two cases:
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Case I: N separates M .
In this case is not hard to verify that Fµ is a compact foliation for all µ = 1.
Moreover, all these foliations are Cr isotopic to ξ .
Case II: N does not separate M .
In this situation consider a sequence µn → 1 such that the rotation number
ρ(Rµn) is rational. The corresponding foliation Fµn is a compact foliation and
Fµn →F as n→∞.
We can adapt the above construction for the case the intersection of N with the fibers
of π is not connected to perform the next construction.
2.2. Describing limit foliations
Let ξ and π as above and let N1, . . . ,Nk ⊂M be closed connected pairwise disjoint
codimension one Cr submanifolds transverse to the fibers of π . Suppose that for each
i ∈ {1, . . . , k} the submanifold Ni separates M and fix small pairwise disjoint tubular
neighborhoods ν(Ni)≈Ni × [−1,1] of Ni . Fix also a section Γi on each Ni .
Let F ∈ Folr+(M) be such that:
(i) F coincides with the foliation ξ outside of ⋃i ν(Ni);
(ii) each submanifold Ni is a leaf of F ;
(iii) in the neighborhood ν(Ni) the foliation F is given, up to diffeomorphism, by the
suspension of a representation satisfying:
• HΓi − Id does not change sign on [−1,1] where HΓi is the holonomy map
associated with the loop Γi ⊂Ni and 0 ∈ Fix(HΓi )⊂ (−1,1);
• the holonomy Hαi ≡ Id on [−1,1] for each loop αi in the fibers of Ni .
This foliation is a limit of fibrations isotopic to ξ . To see this remember that each Ni
separates M and note that we can perturb F by taking Cr small perturbations H˜Γi of the
holonomies HΓi such that Fix(H˜Γi )= ∅ and keeping H˜αi = Id.
In the above construction some of the Ni may be isotopic to each other. Moreover, the
fixed points of HΓi represent the compact leaves of F on ν(Ni) since Hαi ≡ Id.
The next theorem shows that in the 3-dimensional case, up to isotopy, the limit of
isotopic compact foliations are exactly obtained by the above construction when the
compact leaves of the limit foliation separate the manifold M .
Theorem 2.1. Let M3 be a connected oriented closed manifold and let ξ ∈ Folr+(M) be a
compact foliation. If the compact leaves of F ∈ Isor (ξ) separate M , then F is Cr isotopic
to a foliation obtained by the process described above.
The following example shows that in M = S1 × S1 there exists a limit of isotopic
fibrations whose compact leaves do not separate M . By taking the product foliation we
may have examples on M = T 2 × N˜ for any closed manifold N˜ .
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Consider the standard vector fields d/dθ1 and d/dθ2 on T 2 and the family of vector
fields defined by





where (θ1, θ2) ∈ T 2, µ ∈ [0,1] and f,g : [−π,π]→ [−1,1] are C∞ maps satisfying:
• g(θ)= g(−θ) and f (θ)=−f (−θ) for all θ ∈ [−π,π];
• g(θ)= f (θ) on [−π,0];
• g(θ)= 0 on [−π,−π/2] ∪ {0} and g(−π/4)= 1;
• 0 < g(θ) < 1 on (−π/2,−π/4)∪ (−π/4,0).
If µ = 1 the foliation defined by Xµ is a fibration isotopic to that one given by d/dθ2.
The two compact leaves of X1 are fibers of the fibration defined by d/dθ1 which do not
separate T 2.
When H1(M3;R)=R, from Theorem C we get the following.
Theorem 2.2. Let M3 be a closed connected oriented manifold with H1(M3;R)= R. If
F ∈ Folr+(M) is a limit of compact foliations then F ∈ Isor (ξ) for some compact foliation
ξ and F is Cr isotopic to a foliation obtained by the process described above.
We prove these theorems in the last section of this paper. On the hypothesis of
H1(M
3;R) = R, we remark that for each closed oriented surface Σ2 there exits a
fibration Σ2 → M3 → S1 such that H1(M3;R) = R. To construct such M3 it suffices
to choose a monodromy diffeomorphism f :Σ2 → Σ2 such that the homomorphism
f∗ − Id :H1(Σ2;R)→H1(Σ2;R) be injective, that is, the matrix with integer coefficients
associated to f∗ does not have eigenvalue equal to one. On the other hand, we know that
every symplectic matrix of Sp(2g;Z) can be realized [6] by a diffeomorphism f of Σ2 as
f∗ where g is the genus of Σ2. Such a diffeomorphism has the desired property.
We finish this section with the following remark about Case II. Suppose that N does not
separate M and consider a closed curve γ lying in a π -fiber such that its intersection with
the tubular neighborhood N × [−1,1] is the segment {a} × [−1,1] where a ∈ Γ . From
our construction we conclude that if µn → 1 and Fµn are fibrations then the intersection
number of γ with the fibers of Fµn tends to infinity. Therefore, the family {Fµn} defines
infinitely many isotopy classes of compact foliations.
Similar arguments allow us to conclude that F1 cannot occur as the limit of a sequence
{Gn} of isotopic compact foliations. Note that with convenient small perturbation of the
loop Γ we may construct a closed curve Γn ⊂M satisfying:
• the part of Γn outside the tubular neighborhood N × [−1,1] is contained in a leaf of
the compact foliation Gn;
• the part of Γn contained in the above neighborhood is a segment close to the segment
{a} × [−1,1].
P. Andrade, S. Firmo / Topology and its Applications 130 (2003) 205–219 211
In that situation the intersection number of Γn with the fibers of Gn tends to infinity and so
{Gn} is not a sequence of isotopic compact foliations.
3. The holonomy of limit foliations
Let α be a loop on a leaf of F with basepoint p and let σ be a segment transverse to
F containing p in its interior. The holonomy map of F corresponding to α, denoted by
Hα(F ), is defined on a neighborhood of p in σ by lifting α to the leaves of F passing
through the points of σ close to p. A similar definition can be done for the case where α is
a path (not necessarily closed) in a leaf of F . We say that such a holonomy is trivial when
its germ at p is trivial.
In a more general way we define the perturbed holonomy maps Hα(F˜ ) corresponding
to α for all foliations F˜ which are Cr close to F . We do this exactly as above: by lifting α
to the leaves of the perturbed foliation F˜ passing through the points of σ close to p.
The perturbed holonomyHα(F˜ ) can be viewed as the holonomy map of F˜ correspond-
ing to the path (not necessarily closed) starting at p obtained by lifting α to the leaf of F˜
passing through p.
It is well known that there exists a connected neighborhood of p in σ where the
perturbed holonomies Hα(F˜ ) are well defined for all F˜ sufficiently Cr close to F .
Moreover, Hα(F˜ ) is a local Cr diffeomorphism which depends continuously on F˜ in
the compact open Cr -topology.
When the perturbed foliation F˜ is a compact foliation then F˜ itself is without (non-
trivial) holonomy. Consequently, the perturbed holonomyHα(F˜ ) is either the identity map
or a fixed point free map on its domain.
Lemma 3.1. Let F ∈ Folr+(M) and let α be a loop on a leaf of F . Suppose F is a limit of
compact foliations. If F˜ is a compact foliation sufficiently Cr close to F then Hα(F˜ ) is
trivial if and only if α is freely homotopic to a loop on a leaf of F˜ .
Proof. If F˜ is sufficiently Cr close to F and Hα(F˜ ) is trivial then it is easy to verify that
α is homotopic to a loop on a leaf of F˜ .
To prove the converse we assume without loss of generality that α is a Cr loop immersed
in M .
Assume α is freely homotopic to a loop in a leaf of Fn but the perturbed holonomy
Hα(Fn) is non-trivial, where {Fn}n∈N is a sequence of compact foliations converging to
F . Consequently,Hα(Fn) is a fixed point free map. In that case, by taking convenient small
perturbations of α, we construct for each sufficiently large n a closed curve Γn transverse
to the leaves ofFn. Thus, the intersection number of Γn with the leaves ofFn is non-trivial.
This is a contradiction since Γn is homotopic to α which is freely homotopic to a loop in a
leaf of Fn and the proof is finished. ✷
Theorem 3.2. If F ∈ Folr+(M) is a limit of compact foliations then F has commutative
holonomy.
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Proof. Let α be a loop in the commutator subgroup of the fundamental group of a leaf
of F . Thus 0 = α¯ ∈ H1(M;R). Since M fibers over S1 with projection π we have
0 = π(α) ∈ H1(S1;R). Consequently π(α) is nul-homotopic in S1. By lifting to M
such a homotopy we obtain a homotopy of α to a loop in some π -fiber. The previous
lemma show that the perturbed holonomy Hα(F˜ ) is trivial for compact foliations F˜ close
to F . Consequently, Hα(F ) is also trivial since it is the limit of Hα(F˜ ) which finish the
proof. ✷
Note that the torus T n admits foliations with all leaves dense which are limit of compact
non-isotopic foliations. But our next result shows that this can not occur in the isotopic
case.
Lemma 3.3. Let ξ ∈ Folr+(M) be a compact foliation and let L be a leaf of F ∈ Isor (ξ)
meeting a closed curve Γ transverse to F . Then the intersection number #(Γ ∩L) is finite
and every loop in L is homotopic to a loop on a leaf of ξ .
Proof. If #(Γ ∩L) is not finite, then for each k ∈ Z+ there exists a F˜ ∈ Isor (ξ) sufficiently
Cr close to F such that Γ is transverse to F˜ and the intersection number of Γ with the
fibers of F˜ is greater than k. This is a contradiction because the intersection number of
Γ with the leaves of F˜ ∈ Isor (ξ) is the same for all F˜ ∈ Isor (ξ). Therefore, #(Γ ∩ L) is
finite.
Now let α be a loop in L with basepoint in Γ . We shall prove that the perturbed
holonomy Hα(F˜ ) is trivial if F˜ ∈ Isor (ξ) is sufficiently Cr close to F . In such case it
follows that α is homotopic to a loop in some leaf of F˜ and, consequently, homotopic to a
loop in some leaf of ξ .
Suppose Hα(F˜ ) is non-trivial. Then Hα(F˜ ) is free of fixed points. Since Hα(F˜ ) is
close to Hα(F ) in the Cr compact open topology and since the basepoint of α is fixed
by Hα(F ) we conclude: given k ∈ Z+, there exists F˜ ∈ Isor (ξ) sufficiently Cr close to F
such that the intersection number of Γ with the leaves of F˜ is greater than k. Again this
is a contradiction because the intersection number of Γ with the leaves of F˜ ∈ Isor (ξ) is
constant. Thus Hα(F˜ ) is trivial for every F˜ ∈ Isor (ξ) sufficiently Cr close to F . ✷
In particular, Lemma 3.3 assure us that all the leaves of F are proper since every non-
compact leaf of F meets a closed curve transverse to F . Of course we need the hypothesis
of F ∈ Isor (ξ) to guarantee that #(Γ ∩L) is finite.
Corollary 3.4. Let ξ ∈ Folr+(M) be a compact foliation and let L be a leaf of F ∈ Isor (ξ).
Then L−L is a finite union of compact leaves.
Proof. Let K ⊂ L−L be a leaf of F . If K is not compact then there exits a closed curve
Γ transverse to F , intersecting K . In this case Γ intersects L in infinitely many points,
contradicting to Lemma 3.3. Thus K is compact. Clearly, L cannot accumulate in infinitely
many compact leaves. Consequently L−L is a finite union of compact leaves and the proof
is finished. ✷
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Lemma 3.5. Let ξ ∈ Folr+(M) be a compact foliation and let L be a leaf of F ∈ Isor (ξ).(i) If L is non-compact then every loop in L is homotopic to a loop in some leaf of ξ .
(ii) If L is compact with non-trivial holonomy, then every loop in L with trivial holonomy
is homotopic to a loop in some leaf of ξ .
Proof. Since L is non-compact, consider a closed curve Γ meeting L and transverse to F .
Then (i) follows immediately from Lemma 3.3.
Suppose now L is compact and has non-trivial holonomy. In such case, every
neighborhood of L has non-compact leaves of F . Henceforth, any loop α in L with trivial
holonomy can be lifted to the leaves close to L producing loops homotopic to α in non-
compact leaves of F . Now (ii) follows from (i). ✷
Corollary 3.6. Let ξ ∈ Folr+(M) be a compact foliation and let L be a compact leaf of
F ∈ Isor (ξ) with non-trivial holonomy. Then a loop in L has trivial holonomy if and only
if it is homotopic to a loop in a leaf of ξ .
Proof. It follows from Lemmas 3.1 and 3.5. ✷
Now we are ready to prove Theorems A and B.
3.1. Proof of Theorem A
Suppose F has a compact leaf L meeting a closed curve Γ transverse to F . According
to Lemma 3.3 the leaf L cannot be approximated by non-compact leaves. Thus the leaf L
has trivial holonomy. In that case the foliation F is a product foliation in a neighborhood
of L. This proves that the union C ⊂M of all compact leaves of F which are cut by closed
curves transverse to F is a non-empty open set. On the other hand, since we are dealing
with codimension one foliations we know that C is a closed set. Then we conclude that F
is a compact foliation and the first part of the theorem is proved.
Now, suppose F is a compact foliation and let L be a leaf of F . Again, according to
Lemmas 3.1 and 3.3 the perturbed holonomy Hα(F˜ ) associated to a loop α in L is trivial
for Cr small perturbations F˜ ∈ Isor (ξ) of F . In that situation the fibers of the fibration
F˜ are diffeomorphic and close to those fibers of F in a neighborhood of L. This follows
because for a fixed finite set of generators α1, . . . , αn of the fundamental group of the
compact leaf L each common fixed point of Hαi (F˜ ), i = 1, . . . , n, close to the base
point represents a compact leaf of F˜ diffeomorphic (by the projection of some tubular
neighborhood of L) and close to L.
Choosing F˜ close enough to F it follows from the compactness of M that the fibration
F˜ has fibers close and diffeomorphic to those fibers of F . Now, it is easy to construct a Cr
small isotopy from F˜ to F .
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3.2. Compact leaf classBefore prove Theorem B we remind what compact leaf class is. This concept introduced
by Bonatti and Firmo [1] concerning codimension one foliations on compact manifolds.
They define the following equivalence relation on the set of compact leaves of a
foliation F : two compact leaves L and L˜ of F are said equivalent if there exists an
immersion ι :L× [a, b]→M with a  b satisfying the following conditions:
• for every t ∈ [a, b] the restriction of the map ι to L× {t} is an embedding of L in M ,
• ι(L× {a})= L and ι(L× {b})= L˜,
• for each x ∈ L the path ιx : (a, b)→M defined by ιx(t)= ι(x, t) is transverse to F .
We say that the immersion ι realizes the equivalence of the compact leaves L and L˜.
If the immersion ι is not an embedding then M fibers over S1 with fiber L, and each
compact leaf of F is a fiber of the fibration. Furthermore, there exists a vector field
transverse to the foliation F and to the fibers.
The equivalence class of a compact leaf L will be denoted by [L].
Next we give some results about equivalence classes of compact leaves, which, will be
used in the next proofs.
Let M , F and L be as above, and suppose that F is transversely oriented. Then:
• F has finitely many equivalence classes of compact leaves,
• if Λ consists of all immersions which realize some equivalence of compact leaves
equivalent to L then the subset of the manifold M given by
⋃
ι∈Λ ι(L× [a, b]), is a
compact subset of M , saturated by F and contains all the compact leaves equivalent
to L. This compact set will be referred as the support of L and will be denoted
by supp[L],
• if F is a non-compact foliation then supp[L] contains almost a compact leaf with
non-trivial holonomy,
• there exists ι0 ∈Λ such that supp[L] = ι0(L× [a, b]),
• there exists a neighborhood U of supp[L] in M such that every leaf of F meeting U
has a compact leaf equivalent to L in its adherence,
• if supp[L] = L×[a, b] then for each loop α in L the perturbed holonomy map Hα(F˜ )
is well defined in a neighborhood of [a, b] ⊂R for all F˜ ∈ Folr+(M) sufficiently closed
to F ,
• if L and L˜ are non-equivalent compact leaves of the foliation F then supp[L] ∩
supp[L˜] = ∅.
The proofs of theses results can be founded in [1,3].
3.3. Proof of Theorem B
If F does not have compact leaves then there are non-proper leaves lying in the minimal
sets of F . Since this contradicts Lemma 3.3 the proofs of (i) and (ii) are finished.
The item (iii) follows immediately from Lemmas 3.5 and 3.1 because F ∈ Isor (ξ).
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If the support of some compact leaf class of F coincides with M then there exists
a closed curve Γ transverse to F which intersects all the leaves of F . In particular Γ
intersects the compact leaves of F which contradicts Theorem A. This proves (iv).
In order to prove (v) fix a compact leaf L with non-trivial holonomy and let I :π1(L)→
Z be the homomorphism which associates to each homotopy class α˜ ∈ π1(L) the algebraic
intersection number of α with the fiber of ξ . Fix also a loop γ in L with non-trivial
holonomy. Since γ can be made transverse toF under a small perturbation andF ∈ Isor (ξ)
then we have I(γ˜ ) = 0.
Now let α˜ ∈ π1(L) be such that I(α˜) = min(Z+ ∩ I(π1(L))). Given β˜ ∈ π1(L) we
have I(β˜) = kI(α˜) for some integer k and, therefore, I(α˜−kβ ) = 0. It follows that the
holonomy of α−kβ is trivial. If not, with a small perturbation of α−kβ we construct a loop
in M which is transverse to the foliation F and consequently, has a non-trivial intersection
number with the fibers of ξ , as we have made at the end of the last paragraph. But this is a
contradiction since α−kβ has trivial intersection number with the fibers of ξ . Repeating this
argument in the support of the class of the compact leaf L we conclude that the holonomy
of the class of the compact leaf L associated to the loop α−kβ is trivial. Thus the holonomy
of the compact leaf class [L] associated to the loop α generates the holonomy group of the
class [L]. To finish the proof we need only remark that all the compact leaf classes of F
have a compact leaf with non-trivial holonomy, which, follows from the fact that F is a
non-compact foliation.
4. The topology of compact leaves in the limit of isotopic compact foliations
Let F be a transversely oriented codimension one closed submanifold in the closed
manifoldM . If α is a loop transverse to F , let us denote by F (α) the algebraic intersection
number of α and F . Let F/ :π1(M,x0) → Z be the corresponding homomorphism
in π1(M,x0) and F∗ :H1(M,Z)→ Z be the corresponding one in H1(M,Z). By the
Universal Coefficients Theorem, we may identify F∗ with an element of the first integral
cohomology group H 1(M,Z) and we conclude that the first cohomology group is free
abelian on a finite set of generators with rankH 1(M,Z)= rankH1(M,Z).
If the closed codimension one submanifold F does not separate the manifold M then
the cohomology class F∗ is non-trivial because one may find a loop α on M transverse
to F with algebraic intersection number F (α)= 1. On the other hand, if F bounds on M
the algebraic intersection number of any loop is zero, so all induced homomorphisms are
trivial.
Each element of H 1(M,Z) is obtained by the above construction, i.e., given u ∈
H 1(M,Z) there exists, up to homotopy, a smooth map q :M → S1 such that for each
regular value µ ∈ S1, the submanifold F = q−1(µ) satisfies u = F∗ . To make the
identification, we must consider the transverse orientation induced by q from the usual
orientation of S1.
Our interest is to examine the cohomology classes which are fibers of some fibrations.
Given a fibration ξ :F →M π→ S1, we assume that the transverse orientation induced
by π from the usual orientation of S1 is fixed. Recall that we are assuming throughout this
notes that the fibers of ξ are connected. Each fiber of ξ determines the same indivisible
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class 0 = F∗ ∈H 1(M,Z) , as well as, each fiber of any fibration on M which is isotopic
to that one also determines that same class. The following theorem is well-known and is a
partial converse to this property [5,4].
Theorem 4.1. Let φ be a C∞ flow on the closed manifold M . Suppose φ is positively
transverse to the two fibrations
F →M π1→ S1 and K →M π2→ S1.
If F∗ = K∗ ∈H 1(M,Z) then the fibrations are isotopic.
Proof. Let dθ denote the canonical closed 1-form on S1. From Frobenius Theorem, the
1-form on M given by ωF = π∗1 (dθ) (respectively ωK = π∗2 (dθ)) defines the fibration with
fiber F (respectively fiber K). It is a closed form, positive in the vector field φ˙ and such
that [ωF ] = F∗ ∈H 1(M,Z) (respectively [ωK ] = K∗). For any s ∈ [0,1] consider the
linear combination ωs = (1− s)ωF + sωK . Those closed 1-forms ωs satisfy the properties:
(i) ωs is non-singular, since ωs(φ˙) > 0;
(ii) [ω0] = [ωs ] ∈H 1(M,Z), since F =K ;
for all s ∈ [0,1] .
Moser’s Lemma shows that (i) and (ii) imply that there exists an isotopy fs :M →M
with f0 = IdM and f ∗s (ω0) = ωs . Now, it easy to see that (fs)s∈[0,1] is the desired
isotopy. ✷
Corollary 4.2. Let φ be a C∞ flow on the closed manifold M . Suppose φ is positively
transverse to both fibrations
F →M π1→ S1 and K →M π2→ S1.
If rankH1(M,Z)= 1 then the fibrations are isotopic.
Proof. Let ΓL,ΓK ⊂ M be sections of π1 and π2, respectively. Thus, L(ΓL) = 1 =
K(ΓK). Since the rank of H1(M,Z) is one it follows that Γ L − Γ K ∈ H1(M,Z) is a
torsion element and consequently L∗ = K∗ . According to the last theorem we conclude
that the fibrations are isotopic. ✷
4.1. Proof of Theorem C
First we remark that the Corollary 4.2 assures that F ∈ Isor (ξ) for some compact
foliation ξ .
We need only to show that the compact leafK bounds since the Thurston–Reeb Stability
Theorem guarantees that H1(K,R) = {0} since F is a non-compact foliation.
By contradiction, let us suppose that K does not bound and let α be a loop in M such
that K∗(α¯)= 1. Since rank(H1(M,Z))= 1 we have that H1(M,Z)=Z ⊕ T where T is
the torsion subgroup of H1(M,Z) and Z is an infinite cyclic group. In that case, the kernel
of K∗ :H1(M,Z)→ Z is T . On the other hand, it follows from K∗(α¯) = 1 that each
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element β¯ ∈H1(M,Z) can be written in the form β¯ = K∗(β¯)α¯ + ρ where ρ is a torsion
element.
Since F is not a compact foliation it follows that in each compact leaf class we have
a compact leaf K and a loop γ in K with non-trivial holonomy. Thus the homology
class i∗(γ¯ ) has non-trivial intersection number ξ∗(i∗(γ¯ )) with the fibers of ξ where





α¯ + ρ with ρ ∈ T .











because ρ is a torsion element. Consequently, K∗(i∗(γ¯ )) = 0 which is a contradiction
since γ is a loop in K .
4.2. Remark
If a sequence of fibrations (ξn) with
ξn :Fn →M→ S1
satisfying the condition H1(Fn,R)= {0} converges to a foliation F ∈ Folr+(M) then they
are isotopic for n sufficiently large. Indeed, we may assume that the fibrations is also
transverse to a vector field transverse to F . The Wang sequence of fibration ends as
· · ·→H1(Fn,R) (rn)∗−id∗−−−−−−→H1(Fn,R) i∗→H1(M,R) Fn∗−−−−→R→ 0
where rn :Fn → Fn is the monodromy map. The triviality of H1(Fn,R) implies that the
rank of H1(M,Z) is one and by the Corollary 4.2 we conclude that the fibrations are
isotopic for n sufficiently large.
4.3. Proof of Theorem D
Let α be a loop in K . If it has non-trivial holonomy then with a convenient small
perturbation of α we obtain a loop in M transverse to the foliation F . Then the
intersection number of α with the fibers of the fibrations close to F is non-trivial which
is a contradiction since i∗(α¯) = 0 ∈ H1(M,Z). This prove that K has trivial holonomy.
Repeating this argument in supp[K]we conclude that all the leaves in supp[K] are compact
and without holonomy proving that F is a compact foliation.
To prove that the compact foliations Cr close to F are isotopic to it we use the same
arguments as in the proof of the Theorem A.
Now the Wang sequence of the fibration ends as
· · ·→H1(K,R) r∗−id∗−−−−−−→H1(K,R) i∗→H1(M,R) K∗−−−−→R→ 0
where r :K → K is the monodromy map. The triviality of the map i∗ implies that
H1(M,R)≈R by K∗ and the proof is finished.
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5. Proof of Theorems 2.1 and 2.2Suppose the compact leaves of F ∈ Isor (ξ) separate M3. Thus F is not a compact
foliation, it has compact leaves and the support of each compact leaf of F is distinct
fromM . In particular, each compact leaf N has supp[N] diffeomorphic to N×[a, b]where
a  b. Moreover, the leaves of F corresponding to N × {a} and N × {b} have non-trivial
holonomies.
Let [Ni], 1 i  s, be the equivalence classes of the compact leaves of F . Each Ni is
an oriented surface which separates M . It follows that the Euler characteristic of each Ni is
zero and consequently Ni is diffeomorphic to the torus T 2. According to Theorem B,
supp[Ni] has infinite cyclic holonomy. Consider a basis of embedded loops αi,βi in
Ni ≈ T 2 such that the corresponding holonomy maps Hαi and Hβi associate to the class
[Ni] are defined in a neighborhood of [ai, bi] ⊂R with ai  bi and satisfy:
• Hβi = Id;
• {ai, bi} ⊂ Fix(Hαi )⊂ [ai, bi].
Since F is a limit of compact foliations we have also that
• Hαi − Id do not change the sign.
Note that βi is freely homotopic to a loop in a non-compact leaf since Hβi = Id and
the leaf Ni × ai ⊂ supp([Ni]) is accumulated by non-compact leaves. From Lemma 3.5
we have that βi is freely homotopic to a loop in a fiber of ξ . Now, from Lemma 3.1 we
conclude that the perturbed holonomy associated to the loop βi keeps trivial on its domain
under a Cr small perturbation of F to a compact foliation in Isor (ξ). Remember that the
perturbed holonomy is either the identity map or a fixed point free map on its domain when
the perturbed foliation is a compact foliation.
On the other hand Hαi = Id and Hαi − Id does not change the sign. Thus the perturbed
holonomy associated to αi is a fixed point free map when the perturbed foliation is a
compact foliation.
There is nothing to be lost in assuming that N1 is the boundary of a 3-dimensional
submanifoldR1 ⊂M3 such that F has no compact leaf lying in the interior of R1.
Consider a small compact neighborhood U1 of supp[N1] ∪R1 such that ∂U1 ≈ T 2 is
transverse to F . The leaves of F |∂U1 are circles isotopic to β1 in U1. On the other hand, if
a foliation F˜ ∈ Isor (ξ) is Cr close to F then F˜ |∂U1 is also a foliation by circles close to the
leaves of F |∂U1 because the perturbed holonomy H˜βi is trivial. This shows that F can be
approximated in the Cr topology by foliations F˜ ∈ Isor (ξ) such that F˜ coincides with F
in a neighborhood of ∂U1. Moreover, F˜ |U1 is a fibration which we will denote by ξ1. Using
these approximations we can conclude that the foliation F1 ∈ Folr+(M) which coincides
with F out of Int(U1) and with ξ1 in U1 is also a foliation in Isor (ξ).
According to Theorems A and B, if F1 /∈ Isor (ξ) then F1 has a compact leaf with non-
trivial holonomy.
Note that to continue with this process and destroy all the supports of compact leaf
classes of F we need to guarantee that this way to construct F1 does not introduce new
P. Andrade, S. Firmo / Topology and its Applications 130 (2003) 205–219 219
compact leaves (with very big volume respect to a fixed riemannian metric on M) distinct
of that one of F , that is, compact leaves intersecting U1. One easy way to guarantee this
property is fixing a closed curve in U1 transverse to the foliation F and using Theorem A.
To start the above construction for F1, we assume without loss of generality that the
compact leaf N2 of the foliation F1 is the boundary of a submanifold R2 ⊂ M3 and
F1 does not have compact leaf in its interior. Now we return to the beginning of the
construction of the foliation F1. Iterating this process after no more than s times, the
resulting foliation will be compact and isotopic to ξ and the proof of Theorem 2.1 is
finished.
Theorem 2.2 follows immediately from Corollary 4.2, Theorems C and 2.1.
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